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One of the most profound results in classical function theory is the 
general uniformization theorem of Koebe: A Riemann surface which is 
topologically equivalent to a domain in the complex plane C is 
holomorphically equivalent to a domain in C. Of course, all such Riemann 
surfaces are noncompact. Since the higher-dimensional analogue of a non- 
compact Riemann surface is a Stein manifold, the question naturally arises 
as to whether a result parallel to Koebe's is valid for Stein manifolds, i.e., if 
M is an n-dimensional Stein manifold topologically or differentiably 
equivalent o a domain in C ", is M holomorphically equivalent o a 
domain in C"? This question is raised explicitly by Bets [ 1 ], but it had cer- 
tainly arisen before that paper appeared. 
In this paper we construct an example to show that the answer to this 
question is negative. 
Let us denote by Z "7 the complex seven sphere, i.e., the closed 7-dimen- 
sional submanifold of C 8 given by 
1 t 
J 
If we regard ~8 as embedded in C g in the usual way, then S v contains the 
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real 7-sphere $7= sTn  Ns, and S 7 is a complexification of S 7. Our main 
result is the following. 
THEOREM 1. The 7-dimensional Stein manifold 2,7 is real-analytically 
equivalent to a domain in C 7 but not holomorphically equivalent to a domain 
in C 7. Indeed, no neighborhood of S 7 in S 7 is holomorphically equivalent to a 
domain in C 7. 
The proof of Theorem 1 depends on the following fact. 
THEOREM 2. The real 7-sphere S 7 cannot be embedded as a totally real 
submanifold of C 7. 
Recall that a submanifold M, embedded or'immersed, of C n is totally 
real if the (real) tangent space to M at each point contains no nontrivial 
complex subspace of the tangent space to C n at that point. 
Theorem 2 is a result stated without proof by Gromov [4]. We give a 
complete proof; it is surely in the spirit of Gromov's intentions, although 
the details are, no doubt, quite different_ 
Proof of Theorem 1. To construct he desired real-analytic equivalence, 
it suffices to exhibit a real-analytic equivalence of ST x ~7 with Z "7 since 
S7X[]~ 7 is real analytically equivalent o the domain (~8\{0})X~6 in 
R 14 = C 7. To this end, define q): ~7 ~ C 8 by 
q)(Y) = q)(Yl,---, Y7) = ((1 + y~ + ... + y~)i/2, iy~,..., iyT). 
View S 7 as the unit sphere of ~8 thought of as the Cayley numbers, and let 
Lx : ~8 __, ~8 be left multiplication by the element x of S 7. Each of the 
transformations Lx is orthogonal since Ixyl = Ix l  lYl, so if we denote by 
U~: Cs~C ~ the complex-linear t ansformation which agrees on ~ with 
L~, then Ux is unitary. Define 4~: S 7 x ~7 ~ C8 by 
~(x, y)= u,~p(y). 
To see that the range of q5 is contained in X 7, notice that ~0(~ 7) is a sub- 
set of £77 and that, since U~ is unitary and maps S 7 = V'7 ("5 ~8 to itself, ~V'7 
and Ux..~ 7 are connected 7-dimensional c osed complex submanifolds of C s 
whose intersection contains the totally real 7-dimensional manifold S 7, so 
~y'7 and UxX 7 coincide. Hence, the range of ~b is contained in S 7. 
We now construct an inverse for ~. For z E S 7, write z = 4 + it/where 3, 
r /eN 8 (viewed as the Cayley numbers); notice that 4~0,  because 
1412- Ir/I2= 1. The first coordinate of the Cayley number 3 -1 -q is 5Z~jr/j 
which is zero since zeS  7. Also, (1+ Iql 2) m 4 is a unit vector in Ns. 
Moreover, 4" (4 -1  r/) = 11 because multiplication of Cayley numbers, while 
607/60/2-3 
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not associative in general, is associative in the algebra generated by any 
two elements, and ~ 1 is a polynomial in ~. Thus, we can define maps 
I~/1 : ~Y'7 ---~ $7  ' i//2 : ~v'7 -.-4. l~ 7 
by 
~l(z )  = (1 + Inl =) 1/2 
~U2(z) = Pr (1  + IqlZ) 1/z ~--1 " ~ l  
where P: ~8~ ~7 is the projection onto the last seven coordinates. Then 
~"¢= (@1, @2) ] X7  ~ $7 X ~7 is a real-analytic mapping. A direct calculation 
shows that ~ and ~ are inverses, so we have the desired real-analytic 
equivalence. 
If 277, or, indeed, any neighborhood of S 7 in 277, were holomorphically 
equivalent to a domain in C 7, then S 7 would be embedded as a totally real 
submanifold of C 7. In view of Theorem 2, this is impossible, so the proof is 
complete. 
Proof of Theorem 2. The idea of the proof is to produce a homotopy- 
theoretic obstruction to the existence of a totally real embedding. Let us 
denote by V the manifold of (ordered) 7-tuples of vectors in C 7 which are 
linearly independent over ~; we may identify V with the space of real 14 x 7 
matrices of rank 7. Let V ~ denote the open subset of V consisting of tuples 
which span a totally real 7-dimensional space, i.e., a real subspace of C 7 
which contains no nontrivial complex subspace. 
Let us view S 7 as the unit sphere of R 8, again thought of as a Cayley 
numbers, and let el,..., e8 be the standard basis for Ns. Notice that el is the 
multiplicative identity of the Cayley numbers and that e2,..., e~ form an 
orthonormal basis for the tangent space to S 7 at e~. Hence if we define 
Xj(x)=x'ej+l for x~S 7, l~<j~<7, 
we obtain seven vector fields on S 7 which are orthonormal and span the 
tangent space at each point. If f :  $7~ C 7 is any immersion, we obtain a 
map f # : S 7 ~ V by defining 
f# (x) = ( (df)x / l (X )  ..... (df)x /7(x)  ) • 
The condition that f be a totally real immersion is thus equivalent o the 
condition that the range o f f  ~ lie in V ~. If f, g: S 7 -o C 7 are immersions, 
they are said to be regularly homotopie (see Smale [8], for example) if 
there is a homotopy h,, 0~<t~< 1, such that h0=f ,  h i - -g ,  each h, is an 
immersion of S 7 in C 7, and the induced maps h, ~ are a homotopy of maps 
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57-")" g. In particular, if f and g are regularly homotopic, thenf  # and g# 
are homotopic. 
Let us regard ~8 as embedded in C 7 as the real coordinates and the first 
imaginary coordinate, so we obtain an embedding f of S 7 into C 7. We shall 
prove that f is not regularly homotopic to a totally real immersion. Since 
Smale [8, Theorem C] has shown that any two embeddings of S 7 in C 7 are 
regularly homotopic, this will imply that no embedding of S 7 in C 7 can be 
totally real, which is the desired result. 
The remainder of the proof consists of careful computations of 
homotopy groups and mappings. The manifold V is a homogeneous space 
of the group GL+(14, ~) of invertible, real 14 × 14 matrices with positive 
determinant, acting by left multiplication. Let Eo denote the element 
[el,... , eT] of V, where el,..., e7 is the standard basis for ~7CC7; the 
stability subgroup of Eo is the subgroup H of GL+(14, N) consisting of 
matrices of the form 
where each entry represents a 7 x 7 real matrix, A is in GL+(7, ~) and M is 
arbitrary. If we let #: GL+(14, R)~ V be given by #(B)=BEo, then we 
obtain a fibration with fiber H. The open subset V R of V is a homogeneous 
space of GL(7, C), thought of as contained in GL+(14, ~) in the natural 
way. Since E 0 s V a and BEo = Eo implies that B = I whenever B is complex- 
linear, we may identify V ~ with GL(7, C). (It is for this reason that we 
chose to use linearly independent 7-tuples to define V, rather than 
orthonormal ones.) 
If we view GL+(7, ~) as a subgroup of H in the obvious way, then the 
inclusion of GL+(7, J~) in H is clearly a homotopy equivalence. The 
diagram of spaces 
GL+(7,~)  c- ,He-  ~- GL+(14, ~)~ V 
J J 
GL(7, C) = V ~ 
together with the homotopy sequence of a fibration gives rise to the 
following diagram of homotopy groups with the top row exact: 
~z7GL+( 7, ~) ~ ~ ~TGL+( 14, ~) ~ ) ~7 V ~, 7t6GL+(7, ~) 
7z7GL(7, C) = ~7 V~ 
158 STOUT AND ZAME 
For each n, the group GL+(n, J~) has the same homotopy type as the 
special orthogonal group SO(n), while GL(n, C) has the same homotopy 
type as the unitary group U(n). Calculations by Borel [2], Bott [3], and 
Serre [7] give the following facts: 
n7 U(7) = 7/ 
TO6 SO(7  ) --- 0 
7z7SO(7 ) =- 7/ ., 
n7 SO(8) = 7/(9 7/ 
re7 SO(9 ) --- 7/. 
Moreover, for n~>9 we are in the stable range (see Husemoller [5]) so 
g7SO(n)  = 7z780(9 ) = 7 / fo r  n ~> 9. Diagram (1) accordingly becomes 
7/ = 7/ 
We need now to carefully examine the maps involved in this diagram. 
The map e is the composition of the maps el, ~2, e3 of the diagram 
below which is induced by the natural inclusions: 
n7SO(7 ) ~1) ,~7SO(8) ~2 n7SO(9) =~, n7SO(14)- 
To deal with el, we consider the fibration 
SO(7) --* SO(8) ~ S v. 
This fibration admits a cross-section s: $7~ SO(8) given by 
s(x)  = (x, Xl(x),... ,  X=(x)), 
so SO(8) may be identified topologically with S0(7)×S 7, and free 
generators for n7SO(8) may be taken as the classes ~l [g]  and Is], where 
[g]  is a generator of ~z7SO(7 ). Sugawara [9] has computed the map ~2 
and shown that ~2[s] is a generator of ~7SO(9) and that ~2~1[g] = 
2~2[s]. (Sugawara states his results as alternatives between two cases; 
Serre's calculatations show that the second case obtains.) Since ~3 is an 
isomorphism, we see that ~=~3~2~1 : 7/-->7/ is multiplication by 2. 
Exactness in diagram (2) now tells us that 77~ 7 V = 77 2 and that fl~2[s] is the 
nonzero element of ~7 V. 
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We now consider the map ?: n7GL(7, C)--* ~z7GL+(14, R). Again, we 
may reduce to U(7) and SO(14) to obtain the following exact sequence: 
n7 U(7) r ,  z7SO(14) ' rcvSO(14)/U(7) ' ~6 U(7). 
Since we are in the stable range, we may use results of Bott [3, (1.5), (1.6), 
(1.7)] to conclude that rc6U(7)=0 , rcvSO(14)/U(7)=rcsSO(14)=Z2, 
~z7SO(14 ) = 27, 7z 7 U(7)= 2~. It follows by exactness that ? is multiplication 
by 2 and the range of ? is the subgroup generated by 2~[s]. Hence 
/~7: nTGL(7, C) ~ ~7 V is the zero map, so 6: ~t 7 V ~ ~ ~7 V is also the zero 
map. 
Now for our embedding f : $7~ C 7 we wish to calculate the class o f f  # 
in x7 V. From our explicit representation of f we see directly that the 
following diagram is commutative: 
S 7 f# ) V 
1 
SO(8) ~ GL+(14, ~) 
Hence [ f#]  =/~2[s ] ,  and in particular is not the zero class. 
On the other hand, every map $7~ V" necessarily represents the zero 
class in 7~ 7 V. Thus f is not regularly homotopic to any totally real immer- 
sion and by Smale's result there is no totally real embedding of S 7 in C 7. 
In view of this result, it is natural to ask which spheres S n admit totally 
real embeddings in C ". Clearly S ~ does and Gromov asserts that S 3 also 
does (although we do not know any totally real embedding of $3); we have 
seen that S 7 does not. We can show that no other spheres S" admit totally 
real embeddings in C n. (The case of even-dimensional spheres is included in 
the work of Wells [11].) If S"~C n is a totally real embedding, then a 
neighborhood of S n in C n is a complexification of S ". The complexification 
of S n is a neighborhood of the zero section in the tangent bundle of S ", 
while a neighborhood of S n in C" is equivalent o a neighborhood of the 
zero section in the normal bundle of the embedding. Since com- 
plexifications are unique, this forces the tangent bundle and the normal 
bundle to be equivalent. Kervaire [-6] has shown that any embedding of S" 
in C" has trivial normal bundle, so if S n embeds as a totally real sub- 
manifold of C n, S" must be parallelizable; thus n = 1, 3, or 7. In the other 
direction we note that Weinstein [10, p. 26] has exhibited, for each n, a 
simple totally real immersion of S" in C" with only one double point. In 
particular, a neighborhood of S 7 in X 7 may be represented as a two-sheeted 
Riemann domain over C 7. 
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